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Digital waves in economics 
 
Dimitri O. Ledenyov and Viktor O. Ledenyov 
 
Abstract – The recent discovery of the Ledenyov digital waves in the economies of scale 
and scope led to an origination of considerable scientific interest in the modeling of new types of 
the discrete-time digital signals generators for the business cycles generation in the 
macroeconomics. Article aims: 1) to model the discrete-time digital signals generators for the 
business cycles generation in the macroeconomics, 2) to demonstrate the technical differences 
between the new model of the discrete-time digital signals generator and the existing models of 
the continuous-time (continuous wave) signals generators in the macroeconomics; 3) to 
accurately analyze the spectrum of discrete-time digital signals in the economies of scale and 
scope, 4) to improve the Ledenyov discrete time digital signals theory to precisely characterize 
the discrete time digital signals in the macroeconomics, 5) to better develop the complex 
software program to forecast the business cycles, going from the spectral analysis of the discrete 
time digital signals and the continuous time signals in the nonlinear dynamic economic system 
over the selected time period. The developed MicroSA software program intends: 1) to perform 
the spectrum analysis of the discrete-time digital signals and the continuous-time signals in the 
macroeconomics; 2) to make the computer modeling and to forecast the business cycles, going 
from the spectral analysis of the discrete time signals and the continuous time signals in the 
macroeconomics. The MicroSA can be used by a) the central banks with the purpose to make the 
strategic decisions on the monetary policies, financial stability policies, and b) the 
commercial/investment banks with the aim to make the business decisions on the minimum 
capital allocation, countercyclical capital buffer creation, and capital investments. 
JEL: E32, E43, E44, E53, E58, E61, G18, G21, G28 
PACS numbers: 89.65.Gh, 89.65.-s, 89.75.Fb 
Keywords: discrete-time digital waves, discrete-time digital signals generators, spectrum 
analysis of discrete-time digital signals, amplitude of discrete-time digital signal, frequency of 
discrete-time digital signal, wavelength of discrete-time digital signal, period of discrete-time 
digital signal, phase of discrete-time digital signal, mixing of discrete-time digital signals, 
harmonics of discrete-time digital signal, nonlinearities of discrete-time digital signal, Juglar 
fixed investment cycle, Kitchin inventory cycle, Kondratieff long wave cycle, Kuznets 
infrastructural investment cycle, econophysics, econometrics, nonlinear dynamic economic 
system, economy of scale and scope, macroeconomics. 
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Introduction 
 
The innovative discovery of the digital waves in Ledenyov D O, Ledenyov V O (2015e) in 
the spectrum of the dependencies of the General National Product on the time GND(t) in the 
economies of scales and scopes changed our understanding of the macroeconomics fundamental 
principles, created the new scientific models to research the macroeconomic processes in the 
economies of scales and scopes, and further contributed to the macroeconomics, 
microeconomics and nanoeconomics sciences evolution in Joseph Penso de la Vega (1668, 
1996), Mortimer (1765), Smith (1776, 2008), Menger (1871), Bagehot (1873, 1897), von Böhm-
Bawerk (1884, 1889, 1921), Hirsch (1896), Bachelier (1900), Schumpeter (1906, 1911, 1933, 
1939, 1961, 1939, 1947), Slutsky (1910, 1915 1923), von Mises (1912), Hayek (1931, 1935, 
2008; 1948, 1980), Keynes (1936, 1992), Ellis, Metzler (1949), Friedman (1953), Baumol 
(1957), Debreu (1959), Krugman, Wells (2005), Stiglitz (2005, 2015), Dodd (2014). 
The Ledenyov digital waves have been detected in the process of the spectral analysis 
(the detection, filtering and parameters measurements) of the cyclic oscillations of the economic 
variables with the different amplitudes, waveforms, frequencies and phases over a wide dynamic 
range of the frequencies in the selected time periods in the economies of the scales and scopes 
during the innovative research on the macroeconomics in Ledenyov D O, Ledenyov V O (2015e). 
The authors evidently demonstrated that the Ledenyov digital waves (the discrete-time digital 
signals) rather than the early discussed continuous waves (the continuous-time signals) originate 
and propagate in the nonlinear dynamic economic system in the time domain in Ledenyov D O, 
Ledenyov V O (2015e). As a result, the authors expressed a research opinion that there is no 
need to apply the various filtering, interpolation and approximation mathematical techniques to 
obtain the continuous waves from the discrete-time oscillations of the collected statistical data in 
the process of macroeconomics research. Therefore, the authors think that there are, at least, the 
five types of the Ledenyov digital waves instead of the well known waves such as: 
1) 3 – 7 years Kitchin inventory cycle in Kitchin (1923); 
2) 7 –11 years Juglar fixed investment cycle in Juglar (1862); 
3) 15 – 25 years Kuznets infrastructural investment cycle in Kuznets (1973a, b); 
4) 45 – 60 years Kondratieff long wave cycle in Kondratieff, Stolper (1935); and 
5) 70+ Grand super-cycle. 
The authors think that the Ledenyov digital waves may have the multiple origins and can 
be generated by the cyclic oscillations of the economic variables in the nonlinear dynamic 
economic system in the time domain in the economies of scales and scopes in agreement with the 
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research findings in the macroeconomics in Krugman, Wells (2005), Stiglitz (2005), Ledenyov D 
O, Ledenyov V O (2013c, 2015d, 2015e). However, the authors stress that the fluctuations of 
the economic variables in the nonlinear dynamic economic system in the time domain are 
caused by the discrete-time economical, financial, political and social events, which tend to 
occur discretely over the selected time period in the time domain. In the authors’ opinion, there 
are the following types of the fluctuations of the economic variables in the nonlinear dynamic 
economic system in the time domain: 
1) fluctuations in the aggregate demand in agreement with the Keynes theory in Keynes 
(1936, 1992); 
2) fluctuations in the credit in accordance with the Minsky theory in Minsky (1974, 1992); 
3) fluctuations in the central bank’s financial stability and monetary policies creation and 
implementation; 
4) fluctuations in the technological innovations as explained in the real business cycle 
theory; 
5) fluctuations in the supply and demand in the goods markets in Inada, Uzawa (1972), 
Iyetomi, Nakayama, Yoshikawa, Aoyama, Fujiwara, Ikeda, Souma (2011), Ikeda, 
Aoyama, Fujiwara, Iyetomi, Ogimoto, Souma, Yoshikawa (2012); 
6) fluctuations in the land price in agreement with the George theory in George (1881, 
2009); 
7) fluctuations in the politics; 
8) fluctuations in the level of the university education and accumulated knowledge base. 
Researching the Ledenyov digital waves generation, propagation, synchronization and 
interaction in the economies of scales and scopes, the authors also highlight a fact that the 
general dynamic macroeconomic system is increasingly nonlinear, because of its nature, hence 
the macroeconomic/microeconomic/nanoeconomic processes can be weakly/strongly influenced 
by or make the active weak/strong economic and financial influences on other 
macroeconomic/microeconomic/nanoeconomic processes due to: 
1) the linear interactions, and 
2) the nonlinear interactions, 
in an analogy with the scientific considerations in the physics in Bogolyubov (1946), Terletsky 
(1950), Ledenyov D O, Ledenyov V O (2013c, 2015d, 2015e). 
As a result of various kinds of interactions between the Ledenyov digital waves, the 
harmonic distortions of the digital waves may occur in the nonlinear dynamic economic system. 
There is a number of the effects, generating the distortions of the digital waves in the nonlinear 
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dynamic economic system, for instance: the discrete-time digital signal saturation effect, the 
discrete-time digital signal harmonics generation effect, the discrete-time digital signals inter-
modulation effect, etc. The magnitude of distortions increase as a function of the discrete-time 
digital signal amplitude (the discrete-time digital signal power) in the nonlinear dynamic 
economic system. The 2nd and 3rd order harmonics of the discrete-time digital signal represent 
the most notable types of distortions in the nonlinear dynamic economic system. Therefore, the 
new types of the Ledenyov digital waves can be generated in the nonlinear dynamic economic 
system similar to the new signals generation in the nonlinear medium in the electronics and 
physics in Bogolyubov (1946), Terletsky (1950), Ledenyov D O, Ledenyov V O (2013c, 2015d). 
In this research article, the authors will apply the knowledge base in the econophysics to 
accurately characterize the Ledenyov digital waves in the economies of the scales and scopes in 
the time/frequency/scale domains in Schumpeter (1906, 1933), Bowley (1924), Fogel (1964), 
Box, Jenkins (1970), Grangel, Newbold (1977), Van Horne (1984), Taylor S (1986), Tong (1986, 
1990), Judge, Hill, Griffiths, Lee, Lutkepol (1988), Hardle (1990), Grangel, Teräsvirta (1993), 
Pesaran, Potter (1993), Banerjee, Dolado, Galbraith, Hendry (1993), Hamilton (1994), 
Karatzas, Shreve (1995), Campbell, Lo, MacKinlay (1997), Rogers, Talay (1997), Hayashi 
(2000), Durbin, Koopman (2000, 2002, 2012), Ilinski (2001), Greene (2003), Koop (2003), 
Davidson, MacKinnon (2004), Cameron, Trivedi (2005), Iyetomi, Aoyama, Ikeda, Souma, 
Fujiwara (2008), Iyetomi, Aoyama, Fujiwara, Sato (editors) (2012), Vialar, Goergen (2009). 
Let us complete the introduction by saying that the periodic oscillations of the economic 
variables in the nonlinear dynamic economic system have been intensively researched and 
comprehensively discussed (in a chronological order) in Juglar (1862), George (1881, 2009), 
Kondratieff (1922, 1925, 1926, 1928, 1935, 1984, 2002), Kitchin (1923), Schumpeter (1939), 
Burns, Mitchell (1946), Dupriez (1947), Samuelson (1947), Hicks (1950), Inada, Uzawa (1972), 
Kuznets (1973a, b), Bernanke (1979), Marchetti (1980), Kleinknecht (1981), Dickson (1983), 
Hodrick, Prescott (1997), Baxter, King (1999), Kim, Nelson (1999), McConnell, Pérez-Quirós 
(2000), Devezas, Corredine (2001, 2002), Devezas (editor) (2006), Arnord (2002), Stock, 
Watson (2002), Helfat, Peteraf (2003), Sussmuth (2003), Hirooka (2006), Kleinknecht, Van der 
Panne (2006), Jourdon (2008), Taniguchi, Bando, Nakayama (2008), Drehmann, Borio, 
Tsatsaronis (2011), Iyetomi, Nakayama, Yoshikawa, Aoyama, Fujiwara, Ikeda, Souma (2011), 
Ikeda, Aoyama, Fujiwara, Iyetomi, Ogimoto, Souma, Yoshikawa (2012), Swiss National Bank 
(2012, 2013), Uechi, Akutsu (2012), Central Banking Newsdesk (2013), Ledenyov D O, 
Ledenyov V O (2013c, 2015d), Union Bank of Switzerland (2013), Wikipedia (2015a, b, c). 
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Discrete-time digital signals and continuous-time signals in spectrums of 
oscillations of economic variables in nonlinear dynamic economic system 
over finite time periods 
 
In agreement with the information communication theory, the information can be 
transmitted by the modulated signals in Maxwell (1890), Gabor (1946), Shannon (1948). The 
spectrum of signals can be analyzed, using the special measurements techniques and equipment 
in Witte (1993, 2001). The nature, origins, spectral characteristics of the signals in the 
economies of the scales and scopes have been discussed in Ledenyov D O, Ledenyov V O 
(2015e), where it was explained that there are the continuous-time, discrete-time and digital 
signals, which can be described by the following mathematical expressions in Wanhammar 
(1999): 
1) The mathematical expression for a continuous-time real (complex) signal is 
 
( ), , .y f t y C t C= ∈ ∈  
 
2) The mathematical expression for a discrete-time real (or complex) signal is 
 
( ), , , 0y f nT y C n Z T>= ∈ ∈ . 
 
3) The mathematical expression for a digital signal, which has a countable or 
restricted set of values, is 
( ), , , 0.y f nT y Z n Z I>= ∈ ∈  
 
We can write the simple formulas for the continuous-time signal with the sinusoid 
waveform in Matlab (R2012): 
( )
( )2
sin 2 ,
,i i
i i i i
j f t
i i
y A f t
y A e π π +φ
= π + φ
=
 
then the discrete-time signal can be obtained, using the trigonometric function method by 
sampling the continuous-time signal with the sampling time Ts or sampling frequency Fs. 
As it was explained in Ledenyov D O, Ledenyov V O (2015e), the discrete-time digital 
signals in the macroeconomics can be mathematically described, using the digital signal 
processing theory in Hwang, Briggs (1984), Orfanidis (1985, 1995), Anceau (1986), Fountain 
(1987), Chen (editor) (1988), Kay (1988), Oppenheim, Schafer (1989), Van de Goor (1989), 
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Priemer (1991), Hsu (1995), Proakis, Manolakis (1996), Lathi (1998), Prisch (1998), 
Wanhammar (1999), McMahon (2007), Ledenyov D O, Ledenyov V O (2015a). 
Fig. 1 displays the discrete-time signals in Matlab(R2012) (left), Wikipedia (2015g) 
(right), Ledenyov D O, Ledenyov V O (2015e). 
 
 
 
 
 
Fig. 1. Discrete-time signal definition (after Matlab(R2012) (left), Wikipedia (2015g), 
Ledenyov D O, Ledenyov V O (2015e)). 
 
Now, let us highlight the important theoretical proposition, namely the Ledenyov 
theorem (LT) on the spectrum of oscillations in the economies of scales and scopes in 
Ledenyov D O, Ledenyov V O (2015e): 
1) The LT postulates the dependence of the General National Product on the time 
GNP(t) has the spectrum with the discrete-time digital signals of the different amplitudes, 
frequencies, phases, which can be generated by the creative disruptive innovations and by 
other fluctuations of economic variables in the economies of the scales and scopes; 
2) The LT introduces the notion of the discrete-time digital signals in application 
to the business cycles, which were treated only as the continuous-time signals before. 
3) The LT permits that there are, at least, the five types of the Ledenyov digital 
waves, including the Kitchin, Juglar, Kuznets, Kondratieff and Grand super-cycle waves. 
Let us move forward to make the experimental data analysis on the dependences of the 
GDP over the time GDP(t) in various countries as in the academic literature, aiming to 
determine their waveforms and to accurately characterize their spectral parameters. 
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Fig. 2 presents the dynamics of World GDP annual growth rates (%), 1871 – 2007 in 
Korotayev, Tsirel (2010). 
 
Fig. 2. Dynamics of World GDP annual growth rates (%), 1871 – 2007 
(after Korotayev, Tsirel (2010)). 
Fig. 3 displays the GNP (t) dependence in the USA in 1950 – 1980 in Federal Reserve 
Bank of St Louis (2012), Matlab (R2012). 
 
Fig. 3. GNP (t) dependence in USA in 1950 – 1980 represents discrete-time signal with 
changing amplitude, frequency, phase, which is generated by creative disruptive innovations in 
the economy of scale and scope (after Federal Reserve Bank of St Louis (2012), Matlab (2012)). 
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Fig. 4 pictures the annual change rates of the GDP in the USA in 1960-2005                     
in Stock, Watson (2002). 
 
Fig. 4. Annual rates of GDP in the USA in 1960-2005 (after Stock, Watson (2002)). 
 
Fig. 5 provides the information on the US GDP change dynamics in Da Costa (2015), US 
Commerce Department (2015). 
 
Fig. 5. US GDP change dynamics (after Da Costa (2015), US Commerce Department (2015)). 
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Fig. 6 shows the dependence of ( ) ( ) ( )1G i GDP i GPD i∆ = − −  on the time, which is 
calculated from the GDP per capita in Japan in Taniguchi, Bando, Nakayama (2008). 
 
Fig. 6. Observed data of ( ) ( ) ( )1G i GDP i GPD i∆ = − − over time, which is calculated from the 
GDP per capita (constant 1995 US dollar) in Japan(after Taniguchi, Bando, Nakayama (2008)). 
Fig. 7 depicts the dependences of the grow rates of the GDP(t) ( ) ( ) ( )( )( )
1
1
i i
i
i
GDP t GDP t
x t
GDP t
− −
=
−
 
in Australia, Canada, France, UK, Italy, USA in Ikeda, Aoyama, Yoshikawa (2013). 
 
Fig.7. Dependences of grow rates of GDP(t), which is defined as ( ) ( ) ( )( )( )
1
1
i i
i
i
GDP t GDP t
x t
GDP t
− −
=
−
, in 
Australia, Canada, France, UK, Italy, USA (after Ikeda, Aoyama, Yoshikawa (2013)). 
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As it can be seen in the above shown Figs. 2 - 7, the World GDP(t), USA GNP(t), USA 
GDP(t), Japan ∆G(t), Australia, Canada, France, UK, Italy, USA GDP(t) grow rates 
dependences represent the slightly distorted discrete-time digital signals with the changing 
amplitude, frequency, and phase parameters over the time, which are generated by the creative 
disruptive innovations and other above listed discrete-time fluctuations in the considered 
economies of scale and scope in Korotayev, Tsirel (2010), Federal Reserve Bank of St Louis 
(2012), Matlab (R2012), Taniguchi, Bando, Nakayama (2008), OECD (2013), Ikeda, Aoyama, 
Yoshikawa (2013). 
Discussing the origins of the distortions of the discrete-time digital signals (the business 
cycles) in the economies of the scales and scopes, the authors suggested a hypothesis that the 
visible distortions and slightly tilted fronts of the discrete-time signal waveform may be 
connected with the time delay and the possible practical difficulties toward the creative 
disruptive innovation introduction into the economy of scale and scope in Ledenyov D O, 
Ledenyov V O (2015e). In addition, the possible influences by other discretely fluctuating 
economic factors have to be taken to the account. 
Let us repeat a comment in Ledenyov D O, Ledenyov V O (2015e), that the similar types 
of distortions can be observed during the digital signal propagation in the nonlinear environment 
in the case of the digitally modulated and Walsh coded spread spectrum signals in the wireless 
communications in Walsh (1923a, b), Bose, Shrikhande (1959), Yuen (1972), Matlab (R2012), 
Wikipedia (2015d, h). In addition, we know that the digital signals, which are transmitted over 
the fiber optical networks (the nonlinear medium), can exhibit the similar types of distortions. 
The digital signals can be measured and analyzed, using the spectrum analyzers, network 
analyzers and oscilloscopes measurements equipment in Ledenyov D O, Ledenyov V O (2015a). 
 
Modeling of discrete-time digital signals and continuous-time signals in 
spectrums of oscillations of economic variables in nonlinear dynamic 
economic system over finite time periods 
 
In the authors’ opinion, the empirical studies on the economic principles can be 
successfully complemented by the theoretical and experimental modeling techniques, aiming to 
model the complex economical/financial/econophysical systems behaviour and to predict their 
economical/financial/physical properties in the time/frequency/space domains in the 
macroeconomics/microeconomics/nanoeconomics. Among a variety of existing modeling 
approaches, the computer modeling with the application of the econometrical/econophysical 
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theories and techniques is gaining a considerable attraction among the scientists in the 
macroeconomics/microeconomics/nanoeconomics at the leading universities worldwide. One of 
numerous possible computer modeling approaches is to use the electronic circuits’ components 
and theory to develop the equivalent circuit of the business cycle, and to represent the nonlinear 
dynamic economic system of research interest, and to model the spectrum of oscillations of 
economic variables in the nonlinear dynamic economic system over the finite time periods. 
Discussing the traditional continuous wave (the continuous-time signal) approach, it 
makes sense to point out to the fact that a number of research works has been written, describing 
the possible continuous wave generation models to describe, model and accurately characterize 
the business cycles in the economies of scales and scopes in Schumpeter (1939), Burns, Mitchell 
(1946). A nonlinear oscillator model of the business cycle with a nonlinear accelerator as the 
generation mechanism has been developed in Goodwin (1951). The noisy oscillating processes 
like the dependence of the General Domestic Product on the Time GDP(t) in the national 
economies of the scales and scopes have been researched with the application of the coupled 
oscillators models in Anderson, Ramsey (1999), Selover, Jensen, Kroll (2003). The Taniguchi 
model has been proposed in Taniguchi, Bando, Nakayama (2008). A coupled oscillator model of 
the business cycle with the fluctuating goods markets has been developed by the scientists at 
Tokyo University, Kyoto University, Hyogo University, Niigata University, Nihon University in 
Japan in Ikeda, Aoyama, Fujiwara, Iyetomi, Ogimoto, Souma, Yoshikawa (2012). Ikeda, 
Aoyama, Fujiwara, Iyetomi, Ogimoto, Souma, Yoshikawa (2012) write: “The business cycle is 
observed in most of industrialized economies. Economists have studied this phenomenon by 
means of mathematical models, including various kinds of linear, non-linear, and coupled 
oscillator models.” Researching the business cycle, Ikeda, Aoyama, Fujiwara, Iyetomi, Ogimoto, 
Souma, Yoshikawa (2012) use the continuous wave (the continuous-time signal) model with the 
equivalent circuit, which represents the business cycle. The business cycle is described by the 
well-known mathematical equation of the sinus wave as in Ikeda, Aoyama, Fujiwara, Iyetomi, 
Ogimoto, Souma, Yoshikawa (2012) 
( )sin ,
2 .
i ix t
T
= ω + θ
π
ω =
 
where  xi is the normalized growth rate of production for sector i, 
θi is the phase of the business cycle for sector i, 
ω is the common angular frequency, 
T is the common period of the business cycle. 
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Fig. 8 shows a basic example of application of various filtering techniques in relation to 
the discrete-time digital signal with the goal to obtain the sine waveform in Matlab (R2012), 
which is associated with the business cycle in the minds of the economists, going from the early 
developed theoretical representations in Schumpeter (1939), Burns, Mitchell (1946). 
 
 
 
Fig. 8. Example of filtering techniques application to discrete-time digital signal with purpose to 
obtain sine waveform (after Matlab (R2012)). 
 
Ikeda, Aoyama, Yoshikawa (2013a, b) analyzed the quarterly GDP time series for 
Australia, Canada, France, Italy, the United Kingdom, and the United States from Q2 1960 to 
Q1 2010 in order to obtain direct evidence for the synchronization and to clarify its origin.    
Ikeda, Aoyama, Yoshikawa (2013a, b) developed a coupled limit-cycle oscillator model to 
explain the mechanism of synchronization, in which the interaction due to the international trade 
is interpreted as the origin of the synchronization. Ikeda, Aoyama, Yoshikawa (2013 b) obtained 
the direct evidence for the synchronization in the international business cycles. The direct 
evidence for the synchronization in the Japanese business cycles has been found in Ikeda (2013). 
The authors would like to comment that the different equivalent circuits of the CW 
oscillators can be used to model the business cycles in the frames of the traditional continuous 
wave (the continuous-time signal) approach, using the knowledge base in the electronics 
engineering and physics as discussed in Ledenyov D O, Ledenyov V O (2015a). 
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The other possible empirical continuous waves (business cycles) origination models, 
which use the different empirical representations, have been described in Juglar (1862), George 
(1881, 2009), Kondratieff (1922, 1925, 1926, 1928, 1935, 1984, 2002), Kitchin (1923), 
Schumpeter (1939), Burns, Mitchell (1946), Dupriez (1947), Samuelson (1947), Hicks (1950), 
Inada, Uzawa (1972), Kuznets (1973a, b), Bernanke (1979), Marchetti (1980), Kleinknecht 
(1981), Dickson (1983), Hodrick, Prescott (1997), Baxter, King (1999), Kim, Nelson (1999), 
McConnell, Pérez-Quirós (2000), Devezas, Corredine (2001, 2002), Devezas (editor) (2006), 
Arnord (2002), Stock, Watson (2002), Helfat, Peteraf (2003), Sussmuth (2003), Devezas (editor) 
(2006), Hirooka (2006), Kleinknecht, Van der Panne (2006), Jourdon (2008), Taniguchi, Bando, 
Nakayama (2008), Drehmann, Borio, Tsatsaronis (2011), Iyetomi, Nakayama, Yoshikawa, 
Aoyama, Fujiwara, Ikeda, Souma (2011), Ikeda, Aoyama, Fujiwara, Iyetomi, Ogimoto, Souma, 
Yoshikawa (2012), Uechi, Akutsu (2012). 
Researching the Ledenyov digital waves (the discrete-time digital signals), it is necessary 
to explain that: “We know that the nature of the fluctuations of economic variables in the 
macroeconomics is discrete, because they are caused by the by the discrete-time economical 
events…” in Ledenyov D O, Ledenyov V O (2015e). The examples of the discrete-time events are 
the creative disruptive innovation origination, the unexpected changes in the supply and demand 
in various markets, the instant change of the financial stability and monetary policies by the 
central bank, the sharp change of governmental politics, etc in Ledenyov D O, Ledenyov V O 
(2015e). The discrete nature of the innovation breakthrough processes, which originate the 
creative innovative disruptions during the capitalism evolution, has been researched in 
Schumpeter (1911, 1939, 1947), Christensen (June 16, 1977; Fall, 1992a, b; 1997; 1998; 
December, 1998; April, 1999a, b, c; 1999a, b; Summer, 2001; June, 2002; 2003; March, April, 
2003; January, 2006), Bower, Christensen (January, February, 1995; 1997; 1999), Christensen, 
Armstrong (Spring, 1998), Christensen, Cape (December, 1998), Christensen, Dann (June, 
1999), Christensen, Tedlow (January, February, 2000), Christensen, Donovan (March, 2000; 
May, 2010), Christensen, Overdorf (March, April, 2000), Christensen, Bohmer, Kenagy 
(September, October, 2000), Christensen, Craig, Hart (March, April, 2001), Christensen, 
Milunovich (March, 2002), Bass, Christensen (April, 2002), Anthony, Roth, Christensen (April, 
2002), Kenagy, Christensen (May, 2002; 2002), Christensen, Johnson, Rigby (Spring, 2002), 
Hart, Christensen (Fall, 2002), Christensen, Verlinden, Westerman (November, 2002), Shah, 
Brennan, Christensen (April, 2003), Christensen, Raynor (2003), Burgelman, Christensen, 
Wheelwright (2003), Christensen, Anthony (January, February, 2004), Christensen, Anthony, 
Roth (2004), Christensen, Baumann, Ruggles, Sadtler (December, 2006), Christensen, Horn, 
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Johnson (2008), Christensen, Grossman, Hwang (2009), Dyer, Gregersen, Christensen 
(December, 2009; 2011), Christensen, Talukdar, Alton, Horn (Spring, 2011), Christensen, 
Wang, van Bever (October, 2013)). 
As it was explained in Ledenyov D O, Ledenyov V O (2015e): “the appropriate models to 
generate the discrete-time digital signals, which are originated by the discrete-time economical 
events, in the economies of the scales and scopes have to be created and studied 
comprehensively.” We would like to note that, as of present time, there are no the discrete-time 
digital wave generation models to represent and precisely characterize the discrete-time digital 
signals, which correspond to the discrete oscillations of the economic variables (to the 
business cycles) in the economies of scales and scopes in the academic literature. Therefore, 
the authors would like to take a research initiative and propose the discrete-time digital signal 
generator model for the first time, because we understand presently that the nature of the 
fluctuations of economic variables in the macroeconomics is discrete in view of the fact that 
they are caused by the by the discrete-time economical events. 
The authors developed the discrete-time digital wave generation models, in which we 
use the following mathematical expression to describe the discrete time digital signals: 
( )
( )
( )
( )
sin 2 ,
: 1, 2
: 1,2,3,4
1,2,3,4,..., .
i i i iy A f t
where BPSK t
QPSK t
MPSK t i
= π + φ
φ =
φ =
φ =
 
Fig. 9 shows a visual representation of the discrete-time digital signal, which is generated 
by the Binary Phase Shift Keying (BPSK) with the phase ( ) 1,2tφ =  in Matlab (R2012). 
 
Fig. 9. Visual representation of discrete-time digital signal generated by Binary Phase Shift 
Keying (BPSK) with ( ) 1,2tφ =  (after Matlab (R2012)). 
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The phase of digital signal has to be changed discretely with the purpose to create the 
digital signal waveforms. The Binary Phase Shift Keying (BPSK), Qudrature Phase Shift Keying 
(QPSK) and other high order digital modulation techniques (16PSK, 32PSK, 64PSK) have been 
used by the authors to generate the discrete-time digital signals with the complex waveforms, 
aiming to model the oscillations of the economic variables in the economies of the scales and 
scopes in Rice (2008). 
In this research work, the developed experimental set up for the practical implementation 
of the discrete-time digital signal generator to model the oscillations of the economic variables 
in the economies of the scales and scopes includes: 
1) the baseband generator, which creates the baseband waveform to drive the         
IQ modulator; 
2)  the IQ modulator (the In-Phase and Qudrature modulator), which modulates the 
discrete-time digital signal; 
3) the timer, which provides the time reference. 
The above experimental setup allows us to generate the discrete-time digital signals with 
the complex waveforms, which can model the dependences GNP (t) in Australia, Canada, 
France, UK, Italy, USA and Japan accurately. 
Presently, the authors have already performed the spectral analysis of economic time 
series in the researched model, focusing our attention on the spectral analysis of the oscillating 
variables in the economies of the scales and scopes with the application of the digital signal 
processing techniques. As we know, the complex signals spectrum analysis in the economies of 
scales and scopes can be made by transforming the signal’s dependence of the amplitude on the 
time in the time domain to the signal’s dependence of the amplitude on the frequency in the 
frequency domain with an application of the mathematical transforms such as the Fourier 
transform in the Fourier theory by Jean Baptiste Fourier (1768 – 1830) as it is discussed in 
Granger, Hatanaka (1964), Wanhammar (1999), Matlab (R2012): 
1) the properties of the continuous-time periodic signals can be accurately analyzed 
with the application of the Fourier Transform (FT), Inverse Fourier Transform (IFT), Fast 
Fourier Transform (FFT), Cosine Transform (CT), Laplace Transform (LT), Wavelet Transform 
(WT), 
2) the properties of the discrete-time periodic signals can be precisely analyzed with 
the application of the Discrete Fourier Transform (FT), Discrete Cosine Transform, z-
Transform, Discrete Wavelet Transform mathematical techniques, etc. 
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During the spectral analysis of the discrete-time digital signal with the application of the 
mathematical transforms such as the Discrete Fourier Transform (DCT), the energy of the 
discrete-time digital signal is assumed to be concentrated in the corresponding coefficients. 
We know that the time is a critical parameter for the discrete-time digital signals, 
propagating in the economies of the scales and scopes. Therefore, the quite interesting research 
result is that the synchronization of the business cycles or the synchronization of the Ledenyov 
digital waves results in an appearance of the discrete-time digital signal with the complex step-
shaped waveform in the economies of the scales and scopes in the time domain. The authors 
used the digital filtering techniques to make the spectral analysis of the complex discrete-time 
digital signals in the economies of the scales and scopes in the frequency domain.  
Another important research outcome is that the complex discrete-time digital signal can 
sharply change the amplitude, frequency and phase in the time scale, because of its digital 
nature. In other words, the Ledenyov digital waves, which characterize the GDP(t), can change 
abruptly in the time domain. This fact is further confirmed during the spectral analysis of the 
GDP(t) dependences with the complex discrete-time digital signal waveforms in the various 
economies of the scales and scopes. Therefore, the authors’ point of view is that the central, 
commercial and investment banks, which use the continuous wave models to analyze and 
forecast the dependences of GDP(t), can not accurately predict the GDP(t) trends in the 
economies of the scales and scopes, because of the existing limitations, which are imposed by the 
considered continuous wave models. At the same time, the central, commercial and investment 
banks, which apply the Ledenyov digital waves models to compute and forecast the dependences 
of GDP(t), can quite accurately predict the GDP(t) possible trends in the economies of the scales 
and scopes. Let us provide the following characteristic example: The continuous-time analog 
signal, which transmits the video information over the wireline/wireless/optical channels, 
degrades slowly with the clearly visible preconditions such as the noise appearance in the case 
of its main parameters deviation. However, the discrete-time digitally modulated signal, which 
transmits the video information over the wireline/wireless/optical channels, can degrade abruptly 
without any visible preconditions in the case of its main parameters deviation. The same is true, 
when the oscillating economic variables make an influence on the main parameters of the 
Ledenyov digital waves in the economies of the scales and scopes, namely the Ledenyov digital 
waves models to compute and forecast the dependences of GDP(t) take to the account a fact that 
the oscillating economic variables can sharply change the main parameters of the Ledenyov 
digital waves, including the amplitude, frequency and phase in the time domain, because of their 
digital nature. 
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MicroSA software program  to accurate characterize spectrum of oscillations 
of economic variables in nonlinear dynamic economic system over time 
 
1. The authors formulated the Ledenyov theorem (LT), which postulates that the 
dependence of the General National Product on the time GNP(t) has the spectrum with the 
discrete-time digital signals of the different amplitudes, frequencies, phases, which can be 
generated by the creative disruptive innovations and by other fluctuations of economic 
variables in the economies of the scales and scopes; 
2. The authors introduced the notion on the Ledenyov digital waves, which exist in 
the economies of the scales and scopes. 
3. The authors developed the MicroSA software program with the purposes: 
1) to make the computer modeling of the business cycles in the nonlinear dynamic 
economic system, using the discrete-time digital signal generator to create the discrete-time 
oscillations of the economic variables in the economies of the scales and scopes; 
2) to perform the spectrum analysis of the cyclic oscillations of the economic 
variables in the nonlinear dynamic economic system, including the discrete time signals and the 
continuous time signals. The re-cursive digital filtering algorithm has been implemented in the 
software; 
3) to forecast the business cycles in the nonlinear dynamic economic system, going 
from the spectral analysis of the discrete time signals and the continuous time signals. The 
original artificial intelligence decision-making algorithm has been implemented in the software. 
4. The MicroSA software program can be used by: 
a) the central banks with the purpose to make the strategic decisions on the monetary 
policies, financial stability policies, 
b) the commercial/investment banks with the aim to make the business decisions on the 
minimum capital allocation, countercyclical capital buffer creation, and capital investments. 
The object oriented programming language has been used to perform the coding of the 
software program. The compiled software program was successfully tested and is fully 
functional presently. 
One final thing, which needs to be clarified, is that the dependence of the General 
Domestic Product on the time GDP(t) may have some degree of inaccuracy, because the 
measurement methods of GDP(t) may differ slightly in various countries in Stiglitz (2015), hence 
we have to keep it in mind, when we conduct the discussions on the GDP(t) as the economic 
indicator of the national economy performance. 
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Conclusion 
 
In the macroeconomics, the discovery of the Ledenyov digital waves of GDP(t), which 
constitute a new class of the discrete-time digital waves in the economies of scale and scope, 
resulted in an origination of considerable scientific interest by the leading central banks towards 
the creation of new types of the discrete-time digital signals generators for the modeling of the 
business cycles generation, propagation and accurate characterization. 
In this article, the authors focused on the following research topics: 
1) the re-thinking of the foundations of macroeconomic theory, introducing the 
scientific proposition about the digital nature of the business cycles, which can be originated by 
the discrete-time fluctuations such as the creative disruptive innovations in the economies of the 
scales and scopes; 
2) the creation of the Ledenyov discrete time digital signals theory to precisely 
characterize the discrete time digital signals (the business cycles) in the macroeconomics; 
3) the modeling of new types of the discrete-time digital signals generators for the 
business cycles origination in the macroeconomics; 
4) the analysis the spectrum of discrete-time digital signals in the economies of scale 
and scope; 
5) the demonstration of the technical differences between the new model of the 
discrete-time digital signals generator and the existing models of the continuous-time 
(continuous wave) signals generators in the macroeconomics; 
6) the development of the complex software program MicroSA to forecast the 
business cycles, going from the spectral analysis of the discrete time digital signals and the 
continuous time signals in the nonlinear dynamic economic system over the selected time period. 
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